KEK-TH-1130 
December, 2006 



Electric Dipole Moment of Magnetic Monopole 

Makoto KOBAYASHI 

High Energy Accelerator Research Organization (KEK), 
Tsukuha 305-0801, Japan 
and 

International Institute for Advanced Studies, 
Kizu 619-0225, Japan 



Abstract 

The electric dipole moment of a magnetic monopole with spin is studied in the 
N = 2 supersymmetric gauge theory. Dipole moments of electric charge distributions, 
as well as dipole moments due to magnetic currents, are calculated. The contribution 
of the charge distribution of the fermion to the gyroelectric ratio is expressed in terms 
ofC(3). 
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§1. Introduction 



Magnetic monopoles appear as soliton solutions in certain kinds of gauge theories. Ac- 
cording to the duahty idea, these monopoles are expected to behave as fundamental particles 
in a dual description of the system. Therefore, it is interesting to investigate the extent to 
which magnetic monopoles share the properties of electrically charged particles. In connec- 
tion to this point, the electric dipole moment of monopoles has been attracting attention. 

If a magnetic monopole has spin, it will have an electric dipole moment proportional to 
its spin angular momentum, 

d= —Qm^TrJ-, (I'l) 

where corresponds to the (^-factor of the magnetic moment of electrically charged particles. 
We conjecture that gm is 2 for the spin 1/2 monopole, with possible radiative corrections. 
Actually, it is known that gm is 2 for BPS monopoles of the N = 2 supersymmetric gauge 
theory.^)' ^) This can be shown by considering the long-distance behavior of the electric field 
of a spin 1/2 monopole, which is obtained by applying a finite supersymmetry transformation 
to the spinless monopole solution. However, the properties of the electric dipole moments of 
monopoles are yet to be explored in detail. In this paper, the source term of the electric field 
is investigated to clarify how the dipole field is generated. We find, for example, that the 
electric dipole moment of the charge distribution of the fermion field is given by a curious 
number and also that 1/3 of the dipole moment is generated by magnetic currents. 

§2. AT = 2 supersymmetric gauge theory 

In this section, we summarize the basic properties of magnetic monopoles in the N — 2 
supersymmetric gauge theory. These properties are useful for the calculation given in the 
following sections. The gauge group is assumed to be SU{2), and all the fields belong to the 
adjoint representation. 

The Lagrangian is given by 



C =T:x(^~F^,F^^ + ]^D^SD^S + ^D'^PD^P + ^[S, P]^ 
+ii;^^D^'iP - eip[S, ip] + ie'075[P, V']) , 
where the following matrix notation is adopted, 

F^^^F^X, S^S'^t", P^P^t", jjj ^i/j'^t", (2-2) 

with 

inbc = e"'^ (2-3) 



(2-1) 
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The field strength and the covariant derivative are defined as 

F^, = d^A, - d,A^ - ie[A^, A,l (24) 

D^* = d^*-ie[A^,*\. (2-5) 
We also use the following notation: 

E' = Foi, = -^e'^'F^k- (2-6) 

The Lagrangian (12-ip is invariant, up to a total derivative term, under the N = 2 supersym- 
metry transformations 

6Af, = ia-ff^il: - ii^'jf.a, (2-7) 

6S = idip — it/ja, (2-8) 

SP = a-f^ip - tp-f^a, (2-9) 

5ij = i^cr^'F^, - ^^D^S + il^D^P^^ - e[P, S]^^)a, (2-10) 

where the parameter a is a Grassmann-valued Dirac spinor. The equations of motion for 
this system are as follows: 

D^F^"^ - ie[P, D^P] - ie[S, S] - e[i), 7>] = 0, (2-11) 

D^D^^S - e2[P, [S,P]] - e[^, V'] = 0, (2-12) 

D^D^'P - e^[S, [P, S]] + ze[V>75, ^] = 0, (2-13) 

i^D^tP - e[S, ^] + ^e75[P, ^] = 0. (2-14) 

It is known that this system has a BPS monopole, which is obtained by solving the BPS 
equation, 

- ie^^'^P.fc = A5, (2-15) 

together with® 

Aq = P = i) = Q. (2-16) 
The explicit form of the solution is given by 

= (2.17) 

er 

At = e-F-l^^i^, (2.18) 
er 
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where 



//(y) = y coth y - 1, (2-19) 

K{y) = (2-20) 
smn y 

The above solution corresponds to a spinless monopole. A spinning monopole is ob- 
tained by creating a zero energy mode fermion in the spinless monopole background. Owing 
to supersymmetry, the zero energy mode can be obtained by applying supersymmetry trans- 
formations to the spinless monopole configuration. 

Substituting Eqs. fl246D . (1247]) and (12481) into Eq. (1240D . we have the following variation 
of the fermion field in the monopole background: 

Si; = {l(^''F,, - f A^)a = -2YDiSP+a. (2-21) 

Here we have used the representation 

for the gamma matrices and P± is defined as 

P± = l(l±r5), (2-23) 



with 



r^ = -z7V=( J (2-24) 



We note that dtp in Eq. fl2-2ip is a zero energy solution to Eq. fl2-14p in the background 
field of the spinless monopole configuration. It is known that the back reaction of the 
created fermion can be described by considering the finite supersymmetry transformation 
given by^-*'^-* 

tp = -2-f^DkSP+a, (2-25) 
Ao = P = -2iDkS{a^''P+a), (2-26) 
Ai = A, (2-27) 

S = S, (2-28) 

where the transformed fields are indicated by tildes. We can directly confirm that they 
satisfy the equations of motion exactly. 
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It is convenient to interpret P+a as the operator, instead of the supersymmetry trans- 
formation parameter, which satisfies the anti-commutation relation^-* 



where x is defined through 



{X",xl} = 4^5^ (2-29) 



a=[ ^ ]. (2-30) 







The spin 1/2 monopole states are obtained by applying the creation operators fo the 
spinless monopole state. We note that the spin angular momentum of the monopole can be 
expressed in this formalism as 

J*^ = 2iM{a^-i^a) = 2M{x^a''x)- (2-31) 

Now we can calculate the electric dipole moment of the spin 1/2 monopole in the fol- 
lowing way. From Eqs. ( 12-26P and ( ]2-27p . we find that the iO-component of the guage field 
configuration is expressed as 

E' = = -DiAo = 2iDiDkS{a^^^P+a). (2-32) 

The electric field is obtained by projecting onto the direction of 3°". After some calcula- 
tions, we find that the electric field exhibits the following dipole behavior in the asymptotic 
region: 

^a^ai _^ -^(3fV'= - 5'^) J^ (2-33) 

From this, we conclude that the (^-factor of the spin 1/2 monopole is given by'^^ 

9m = 2. (2-34) 
In the following sections, we investigate how this dipole field is generated. 

§3. Calculation of the electric dipole moment 

Our primary interest is to determine the dipole moment of an electric charge distribution. 
For this purpose, we first define the charge density. Projecting the time component of Eq. 
fl2-lll) onto the direction of the scalar field, we have 

diiS'^E'"') = PAI + PA2 + Ps + pp+p^, (3-1) 
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where 

PAi = {d,S^)E-\ (3-2) 
PA2 = -ee"'^^"A^E'=^ (3-3) 

= -ee^^'S''S\D''S)\ (3-4) 
pp = -ee''^'S''P\D''Py, (3-5) 

= ^ee"''"^>SV^ (3-6) 

and 

It is natural to define the right-hand side of Eq. (13- ip as the charge density. It consists of 
terms which express the contribution of each field. We note that pAi + Pa2, Ps, Pp and p^ 
are gauge invariant. The quantity pai arises from the exchange of the derivative and S"'. 

Substituting the field configuration for the spin 1/2 monopole, Eqs. (12 •251) - fl2-28p . into 
the above expressions, we obtain the charge densities for the spin 1/2 monopole. Using Eqs. 
(12471) and (I248D . we find 

P""' = + ~ l)r-^f'= J^ (3-8) 

PA2 = -^A-K + K'){H + l)r-'r'j\ (3-9) 
eM 

p^ = -A-H^K\~^f^j\ (3-10) 
em 

Ps = pp = 0, (3-11) 

where H and K are given by Eqs. fl2-19p and fl2-20p . respectively, with y = evr. 

Now, it is easy to calculate the dipole moment of the electric charge distribution. For 
example, the contribution of the fermion can be written as 

d^ = J dVr^p^ 

= _ [ dr2r-^H^K^J\ (3-12) 

eM 3 J ^ ^ 

Then, noting that eQm = 47r, we can calculate the g'-factor due to the fermion as 

4 



8 y(y cosh y — sinhy)'^ 

dy rn 



3 Jq sinh y 

4 4 
-C(3) - - 
3^^ ' 9 

1.158298093- ■■ . (3-13) 
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We note that the C-function appears in the above expression. It is interesting that the share 
of the fermion contribution to the (yf-factor is not given by a simple fractional number. 

We can calculate the (/-factors corresponding to pAi and pA2 similarly. Doing so, we 
obtain 

4 [°° iy^ + y cosh y sinh y — 2 sinh^ y) 
gAi = 7; / ay 



S Jq " sinh^ y 

0.5285338925 ■■■ , (3-14) 



4 /"°° , (y — sinh (y^ + y cosh y sinh y — 2 sinh^ u) 
9A2 = - dy- 



and 



3 Jo sinh y 

= -0.3534986523--- . (3-15) 

From Eqs. fl3-13p - fl3-15p . we find that the sum of the three contributions to the ^f-factor 
is given by 

4 

gp = gij + gAi + 9a2 = ^- (3-i6) 

This means that the dipole moment of the electric charge distribution is only 2/3 of the 
dipole moment determined by the long-distance behavior of the electric field. 

The fact that the coefficient of the dipole field and the dipole moment of the charge 
distribution differ is not necessarily a surprise. For the Gauss-law relation, V ■ E = p, we 
have 

dV f p = j dV rV ■ E 

= lim (h dnfr^Er - / dVE 

= J dVE. (3-17) 

In the last equality, we have assumed the following long-distance behavior of the electric 
field: 

- - (3-18) 

This implies that the dipole moment of the charge distribution is 2/3 of the dipole moment 
determined by the long-distance behavior if the volume integral of E^ vanishes. Actually, this 



7 



is the case for the present system. Because the electric field is proportional to (SfV-' — 6^^)J^ 
in the entire space, the last term of Eq. (13-171) vanishes. In the next section, we discuss the 
origin of the remaining 1/3 of the dipole moment. 

§4. The contribution of magnetic current 

In this section we calculate the contribution of the magnetic current to the electric dipole 
moment. Obviously, a loop of magnetic current will generate an electric dipole moment. In 
order to extract the expression for the magnetic current, we start with the Bianchi identity, 

DqB' + e'^''DjE'' = 0. (4-1) 

For a static field configuration, this can be written, after projection onto the direction of S"', 
as 

e'^''djiS^E'^') = -ji-jl-jl (4-2) 

where 

ji = -e'^\djS'')E''\ (4-3) 

ji = ee'^^e''^''S''A]E^^, (4-4) 

ji = ee^^'^S^'A^QB". (4-5) 

The right-hand side of Eq. (14-21) can be regarded as the magnetic current, up to the sign. 
The minus sign follows from a generic property of the duality transformation. Decomposition 
into the ji is carried out according to the origin of the definition of each piece. Note that 
jl + j\ is gauge invariant, and j\ is invariant under time independent gauge transformations. 
Substituting the field configuration for the spin 1/2 monopole, we have 

j{ = -^K{H + H^ + K^- l)r-\^^■V'=f^ (4-6) 

= ^{-K + K^){H + H^ + K^ - ly-^e'^^J^r^, (4-7) 

j\ = —H^Kh--\''^jH\ (4-8) 
■^^ eM ^ ' 

Because the electric dipole moment generated by the magnetic current can be expressed as 

d' = -\ I dVe^^^^jt, (4-9) 



2 „ 

we have the following results for the contribution of each magnetic current to the ^f-factor 

2 d ^"^ ~ sinh^ V ~ y cosh y sinh y + y'^ cosh^ y 

3 Jo sinh^ y 
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J. (4.10) 

2 f°° (y— sinhy)(y^ — sinh^ y — i/coshysinhy+t/^cosh^ 



9j2 = 1J^^y 



sinh^ y 



-0.956241190--- , (4-11) 
2 /"°° , ^(sinhy — ?/coshy)^ 



^3 = 5/ 



sinh y 

= >-^ 

= 0.2895745233 ••• . (4-12) 

We note that the sum of these three contributions is given by 

2 

gji + gj2 + 9j3 = ^, (4-13) 



which is what we expected. 



§5. Conclusion 



We have seen that in the N = 2 supersymmetric gauge theory, the electric dipole mo- 
ment of the spin 1/2 magnetic monopole takes the value inferred from the Dirac equation. 
Although the arguments given here are based on the classical solution of the equations of 
motion, the results would not be changed by radiative corrections because of the super- 
symmetry of the system. In connection to this point, it would be interesting to determine 
the effects of supcrsymmctry breaking. This may change the results through the radiative 
corrections, as well as through the modification of the classical solutions. These points are 
under investigation. 

We found that the source of the electric dipole moment consists of various components. In 
particular, the fraction of the contribution of the fermion fields is given by a curious number. 
This fraction should be independent of the gauge choice, because is gauge invariant. 

We also found that 1/3 of the electric dipole moment is generated by the magnetic 
current. As we have seen, this is a rather generic result for soliton solutions that satisfy 
a certain symmetric property. Therefore, the fraction of the magnetic current contribution 
would be the same even if the value of the electric dipole moment deviated from the Dirac 
moment, for example, in non-supersymmetric models. 

The structure of the source of the electric dipole moment which we have discussed in 
the present paper would be obscured in the dual description of magnetic monopoles, if such 
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exists, because in such a description, magnetic monopoles are treated as local fields. This, 
in turn, implies that even the magnetic moment of an ordinary electrically charged particle 
may have similar structures in its source. It is an interesting question whether this has any 
observable effects. 
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